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Abstract 

       We Show that common fixed point theorems in terms of 𝑏-metric spaces with new 

contraction mapping have unique fixed point. Further, we include 𝑏-metric generalizations of 

some fixed point theorems of Fisher, Pachpatte, and Sahu and Sharma. 
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1 Introduction 

    Fixed point theory is a fascinating topic for research inboth analysis and topology. In this 

direction the Banach contraction mapping theorem of 1922 popularly known as Banach 

contraction mapping principle is a rewarding result in fixed point theory. It has widespread 

applications in both pure and applied mathematics. The well-known Banach [1] contraction 

mapping principle states that if “𝑋 is a complete metric space and 𝑇 : 𝑋 → 𝑋is a contraction 

mapping of 𝑋 into itself then 𝑇 has unique fixed point in 𝑋.” This celebrated principle has been 

generalized by several authors. In 1989, Bakhtin [2] introduced the concept of 𝑏-metric space 

which is generalization of renowned Banach contraction mapping principle. Czerwik [3, 4] 

extended the concept of 𝑏-metric space in 1993. Bakhtin’s concept of 𝑏-metric spaces has been 

extensively generalized and improved by several mathematicians for fixed points in several 

different ways, namely, Boriceanu [5], Bota et al. [6], Chen et al. [7], Hussain and Shah [8], 

Kutbi et al. [9], and Shukla [10] to name a few. In this paper, our main concern is to study 

common fixed point theorems in complete 𝑏-metric spaces for three self-mappings. The obtained 

results are generalizations of 𝑏- metric variant of fixed point theorems of Fisher, Pachpatte, 

and Sahu and Sharma. 

The following fixed point theorems were proved in [11– 13]. 
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Theorem 1 [11] Let T be a mapping of the complete metric space X into itself satisfying the 

inequality 

 ( )  ( ) ( )  ( ) ( ) ,,,,,, 21

2
TabdTbadaTbbdTaadaTbTad +  

10,, aXba  < 20,1 a  , then T has a fixed point in X. 

 

Theorem 2 [12] Let T is a mapping of the complete metric space X into itself satisfying the 

inquality 

 

( )  )],,(),(),(),([)],(),(),(),([, 21

2
TbbdTbadTabdTaadaTabdTbadTbbdTaadaTbTad +++  

.int,10,,, 2121 XinpofixeduniqueahasTthenaaandaawhereXba +  

Theorem 3 [13]  Let  T  is a mapping of the complete metric space X into itself satisfying the 

inequality. 
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2. Preliminaries 

In this section we  recall some basic definitions and necessary results from existing literature that 

will be used in the sequel. 

Definition 4  [3]. Let 𝑋 be a nonempty set and 𝑠 ≥ 1 be a given real number. A function  

 𝑑 : 𝑋×𝑋 → 𝑅+ is said to be a 𝑏-metric on 𝑋 if the following conditions hold: 

(i) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦. 

(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋. 

(iii) 𝑑(𝑥, 𝑦) ≤ 𝑠(𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

The pair (𝑋, 𝑑) is called 𝑏-metric space. 

It is clear from the definition of 𝑏-metric that every metric space is 𝑏-metric for 𝑠 = 1, but the 

converse need not be true. 

The following example illustrates the above remarks. 
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Example 5  [5]. Let 𝑋 = {0, 1, 2}. Define 𝑑 : 𝑋 ×𝑋 → 𝑅+ by 

 𝑑(0, 0) = 𝑑(1, 1) = 𝑑(2, 2) = 0, 𝑑(1, 2) = 𝑑(2, 1) = 𝑑(1, 0) = 𝑑(0, 1) = 1, and  

𝑑(0, 2) = 𝑑(2, 0) = 𝑚 ≥ 2 for 𝑠 = 𝑚/2. 

 The function defined above is a 𝑏-metric space but is not a metric space for 𝑚 > 2. 

Proposition 6 [16] Let be a non empty set and the mapping T,g,h:X→X  have a unique point of 

coincidence in X. If {T, h} and {g, h} are weakly compatible self-maps of X ,then T, g, h have a 

unique fixed point. 

Definition 7. A sequence {𝑥𝑛} in a 𝑏-metric space (𝑋, 𝑑) is called Cauchy sequence if and only 

if lim𝑚,𝑛→∞𝑑(𝑥𝑛, 𝑥𝑚) = 0. 

Definition 8. A sequence {𝑥𝑛} in a 𝑏-metric space (𝑋, 𝑑) is said to converge to a point 𝑥 ∈ 𝑋 if 

and only if lim𝑛→∞𝑑(𝑥𝑛, 𝑥) = 0.We denote this by lim𝑛→∞𝑥𝑛 = 𝑥. 

Definition 9. A 𝑏-metric space (𝑋, 𝑑) is said to be complete if and only if every Cauchy 

sequence in 𝑋 converges to a point of 𝑋. 

Definition 10  [15]. Let 𝑓 and 𝑔 be self-mappings of a set 𝑋. If 𝑧 = 𝑓𝑥 = 𝑔𝑥 for some 𝑥 in 𝑋, then 

𝑥 is called a coincidence point of 𝑓 and 𝑔 and 𝑧 is called a point of coincidence of 𝑓 and 𝑔. 

Definition 11 [16]. The mappings 𝑓,𝑔 : 𝑋 → 𝑋 are weakly compatible, if, for every 𝑥 ∈ 𝑋, the 

following holds: 𝑓(𝑔𝑥) = 𝑔(𝑓𝑥) whenever𝑓𝑥 = 𝑔𝑥. 

Definition 12. A point 𝑥 ∈ 𝑋 is said to be a fixed point of a self-map 𝑇 : 𝑋→𝑋 if 𝑇(𝑥) = 𝑥. 

3. Main Results 

In this section we obtain coincidence points and common fixed point theorems for three maps in 

complete 𝑏-metric spaces. In order to start our main results we begin with a simple but useful 

Lemma. 

Lemma 13. Let (X,d) be a complete b-metric space with the constant coefficient 

XXhgTletands → :,,1  be self – mapping from X into itself satisfying the following 

conditions: 

i. )()()( XhXgXT   

ii.  
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.1)(:,0,,,;, 432

2

14321 ++++ aaasssaaaaaXba  

Then every sequence {bn}with initial point a0 is a cauchy’s sequence in X. 

 

Proof: Let a0X  and choose a point 1a X  such that ha1=Ta0 and for a1 there exist a2X 

Such that ha2=ga1 , continuing this process we construct sequence {an} and {bn} in X given by 
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Suppose that there exists h[0,1/s) such that  

  .1),(),( 11  −+ nbbhdbbd nnnn  

We show that {bn} is a cauchy sequence in X . Using (3.1), we have  
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Now , for any  m,nN,m>n, we have 
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Thus, 
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   →→ nasbbd mn 0),(  

Hence   {bn} is a Cauchy sequence in b-metric space X. 

The next theorem is 𝑏-metric variant of Theorem 1.3 in [13]. 

 

Theorem 14. ),( dXLet be a complete b-metric space with the coefficient s1 and suppose that 

the self-maps XXhgT →:,,   satisfy the conditions 
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For all a,bX;  0,,, 4321 aaaa ,  are nonnegative reals with 
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If  )()()( XhXgXT   is a complete subspace of X , then the maps T,g and h have a 

coincidence point v in  X. Moreover, if {T,h} and {g,h} are weakly compatible Pairs. Then T,g 

and h have a unique common fixed point in X.  

Proofs: Let a0 be an arbitrary point in X and define the sequence {bn} in X such that  
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It follows that, 
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Since T and h weakly compatible and hence Thv=hTv and so 
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Which is possible only if    which gives us uniqueness of  b. 

Remark 15. If we take a4=0, then we get Theorem (14)  in [17] 

Now we present the modified form of Theorem3 in terms of 𝑏-metric spaces. 

Theorem 16. 

Let (X, d) be a complete b-metric space with the coefficient  and suppose the self 

–maps T, g, h:  satisfy the condition 

-------(3.5) 

 Where  are non negative real with  
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 Similarly, it can be shown that,  

Therefore, for all we can get  

Now, for any m>n, we have 

  

Therefore, from Lemma 13, we have  

    

 Where It follows that the sequence  is a Cauchy sequence and by the 

completeness of X,  converges to some  
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                                   ( ) ( ) guhudguhada n ,,24+  
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Taking limit as →n  
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                             ( ) ( ) 26542 , gubdaaaa +++  

( )  ( )  ,0,1
2
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                                   ( )  ( ) 265 , gbbdaa +  

               ( )  ( )  ,0,1
2

65 +− gbbdaa  

and the above inequality is a possible only if ( )  0,
2
=gbbd    

                                                           gbb =  

By using 3.6,we have 

                                               hb =gb = b. 

Again , if Tb   by3,.5  we have the following. 

     ( )  ( ) 22

12 ,, bTudgaTud n =+  

   ( ) ( ) 12121 ,, ++ nn gahadTuhuda   

   ( ) ( ) ( )( ) 
121212122 ,1,,
++++ ++ nnnn haTudgahadgahuda  
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Taking limit as ,→n we have 
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And this is possible only if ( )  .0,
2

TubbTud ==   since T and h are weakly  
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compatible, Thu =hTu: 

        Tb =gb 

By 3.7 and 3.8 we have 

      bhbgbTb ===   

Thus, b is the unique common fixed point of T, g and  h. 

Uniqueness. In order to see the uniqueness of the common fixed point, let 
1b  and b2 be two 

distinct common fixed points of the self –map T, g and h such that 
21 bb  .  

Then by using 3.5 we get  

( )  ( ) 2,1

2

21 ,, gbTbdbbd =  

            ( ) ( ) 22111 ,, gbhbdTbhbda  
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( ) ( ) ( )( ) 2122213 ,1,, hbTbdgbhbdhbhbda ++ ( ) ( )],,[ 22214 gbhbdgbhbda+
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and the inequality is possible only if ( )  21

2

21 0, bbbbd == and common fixed point is 

unique. 

The following corollaries are drived from the theorem  16 
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Corollary  17. let(X, d) be a complete b- metric space with the coefficient 1s    

and T, g, h be a self –mapping of X into itself satisfying 

      ( )  ( ) ( ) ( ) ( ) ( )( ) hbTadgbhbdgbhbdgbhbdTahadagbTad ,1,,,,, 1

2
++  

  ( ) ( ) ( )( ) ( ) ( ) gbhbdgbhadhbTadgbhbdhbhada ,,,1,,3 ++   

For all a, b X  and a ,0, 31 aa such that ( ) 11 3

2

1 asa ++  then T, g, h have a 

Common fixed point in X. 

Proof : putting   in theorem 4.2.4, we get the required result. 

Corollary  18. let (X, d)be a complete b- metric space with the coefficient 

XXhgTands → :,,1  be a self-mapping of X into itself satisfying the inequality 

             ( )  ( ) ( ) gbhbdTahadagbTad ,,, 1

2
  

              ( ) ( ) ( )( ) hbTadgbhbdgbhada ,1,,2 ++   

For all a, b ( ) 1,0, 2

2

121 assathatsuchaaandX ++  then T, g, h have a common fixed 

point in X. 

Proof: putting 0653 === aaa  in theorem 4.2.4, we get the required result` 

Remark  19. corollary 17, which gives the result of Pachpatte 

Remark  20. corollary 18, which gives the result of  Fisher 
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