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Abstract

We Show that common fixed point theorems in terms of b-metric spaces with new
contraction mapping have unique fixed point. Further, we include b-metric generalizations of

some fixed point theorems of Fisher, Pachpatte, and Sahu and Sharma.
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1 Introduction

Fixed point theory is a fascinating topic for research inboth analysis and topology. In this
direction the Banach contraction mapping theorem of 1922 popularly known as Banach
contraction mapping principle is a rewarding result in fixed point theory. It has widespread
applications in both pure and applied mathematics. The well-known Banach [1] contraction
mapping principle states that if “X is a complete metric space and T : X — Xis a contraction
mapping of X into itself then T has unique fixed point in X.” This celebrated principle has been
generalized by several authors. In 1989, Bakhtin [2] introduced the concept of b-metric space
which is generalization of renowned Banach contraction mapping principle. Czerwik [3, 4]
extended the concept of b-metric space in 1993. Bakhtin’s concept of b-metric spaces has been
extensively generalized and improved by several mathematicians for fixed points in several
different ways, namely, Boriceanu [5], Bota et al. [6], Chen et al. [7], Hussain and Shah [8],
Kutbi et al. [9], and Shukla [10] to name a few. In this paper, our main concern is to study
common fixed point theorems in complete b-metric spaces for three self-mappings. The obtained
results are generalizations of b- metric variant of fixed point theorems of Fisher, Pachpatte,

and Sahu and Sharma.

The following fixed point theorems were proved in [11- 13].
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Theorem 1 [11] Let T be a mapping of the complete metric space X into itself satisfying the
inequality

[d(Ta, Tb)]’ <a,[d(a,Ta)d(b,Th)]+a,[d(a, Tb)d(b,Ta)]

Va,be X,0<a,<10<a, ,thenT has a fixed point in X.

Theorem 2 [12] Let T is a mapping of the complete metric space X into itself satisfying the
inquality

[d(Ta, Tb)]’ < a,[d(a, Ta)d (b, Tb) +d(a, Th)d (b, Ta)] + a,[d (a, Ta)d (b, Ta) + d (a, Th)d (b, Th)],
Vva,b e X, where a,,a, >0and a, +a, <1, thenT has a unique fixed point in X.

Theorem 3 [13] Let T is a mapping of the complete metric space X into itself satisfying the
inequality.
[d(Ta, Th)| < a,[d(a,Ta)d(b,Tb) +d(a,Tb)d (b, Ta)]
+a,[d(a,Ta)d (b, Th) + d(a,Th)d (b, Ta)]
+a,[{d (b, Ta)}* +{d (b, Tb)}’]
Va,b e X ,where a;,a,,a, >0and a, +2a, +a, <lthenT has a unique fixed point in X.

2. Preliminaries

In this section we recall some basic definitions and necessary results from existing literature that
will be used in the sequel.

Definition 4 [3]. Let X be a nonempty set and s > 1 be a given real number. A function

d : XxX — R+ is said to be a b-metric on X if the following conditions hold:

(i) d(x,y)=0ifand only if x = y.

(i) d(x, y) =d(y, x) forall x, y € X.

(iii) d(x, y) <s(d(x, z) + d(z, y)) forall x, y, z € X.

The pair (X, d) is called b-metric space.

It is clear from the definition of b-metric that every metric space is b-metric for s = 1, but the
converse need not be true.

The following example illustrates the above remarks.
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Example 5 [5]. Let X = {0, 1, 2}. Define d : X XX — R+ by
d(0,0)=d(1,1)=d(2,2)=0,d(1,2)=d(2,1)=d(1,0)=d(0,1) =1, and

d(0, 2) =d(2,0) =m>2 for s = m/2.

The function defined above is a b-metric space but is not a metric space for m > 2.

Proposition 6 [16] Let be a non empty set and the mapping T,g,h:X—X have a unique point of
coincidence in X. If {T, h} and {g, h} are weakly compatible self-maps of X ,then T, g, h have a
unique fixed point.

Definition 7. A sequence {xn} in a b-metric space (X, d) is called Cauchy sequence if and only
if limm,n—ood(xn, xm) = 0.

Definition 8. A sequence {xn} in a b-metric space (X, d) is said to converge to a point x € X if
and only if limn—ood(xn, x) = 0.We denote this by limn—ooxn = x.

Definition 9. A b-metric space (X, d) is said to be complete if and only if every Cauchy
sequence in X converges to a point of X.

Definition 10 [15]. Let f and g be self-mappings of a set X. If z = fx = gx for some x in X, then
x is called a coincidence point of f and g and z is called a point of coincidence of f and g.
Definition 11 [16]. The mappings f,g : X — X are weakly compatible, if, for every x € X, the
following holds: f(gx) = g(fx) wheneverfx = gx.

Definition 12. A point x € X is said to be a fixed point of a self-map T : X—X if T(x) = x.

3. Main Results

In this section we obtain coincidence points and common fixed point theorems for three maps in
complete b-metric spaces. In order to start our main results we begin with a simple but useful
Lemma.

Lemma 13. Let (X,d) be a complete b-metric space with the constant coefficient
s>land let T,g,h: X — X be self — mapping from X into itself satisfying the following

conditions:

i T(X)wg(X) = h(X)

[d(Ta, gb)]? < a,[d(ha, Ta)d (hb, gb) + d (hb, hb) + d (ha, gb)d (hb, Ta)]
+a,[d(hb, ga)d (hb, Ta) + d (ha, gb)d (hb, gb)]
d(hb, gb) I

+a,[{d (hb,Ta)}*{d (hb, gb)}* +a, [m
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VabeX ;a,a,,a,a, >0,3sa +(s’+s)a, +a, +a, <1.

Then every sequence {bn}with initial point ao is a cauchy’s sequence in X.

Proof: Let ape X and choose a point a, € X such that hai=Tao and for a; there exist aze X

Such that hap;=gas , continuing this process we construct sequence {an} and {bn} in X given by

b2n = ha‘2n+1 =Ta2n
b2n+l = ha2n+2 =0a,,, Vn= 0

Suppose that there exists he [0,1/s) such that
d(b,,b,.,)<hd(b,,,b,) VvVn>1.
We show that {bn} is a cauchy sequence in X . Using (3.1), we have

[d(ba,,,b,,.,)]* =[d(ha,,,,, ha,,,,]°
=[d(Ta,,, 9a,.y]°
<a,[d(ha,,,Ta,,)d(ha,,.,,0a,,,)+d(ha,,, ga,, . )d(ha,. ., Ta,, )]
+a,[d(hay,,;, 9a,,)d(hay,.;, Ta,,) + d(ha,,, 9a,,,,)d(ha,,,,, 9a,,.,)]
+a,[{d(ha,,,,, Ta,,)}* +{d(ha,,,;, 92,,,,)}"

d (ha2n+l1 ga2n+l) 2
ay[ ]
1 + d (ha2n+l’Ta2n)

< al[d (haZn ' ha2n+l)d (ha2n+l’ ha2n+2)
+ a'2 [d (ha2n+1' ha2n+1)d (ha2n+l’ ha2n+1)
+ d (haZn ’ ha2n+2)d (ha2n+l1 ha’2n+2 )]

+ a3 [{d (ha2n+l’ ha2n+1)}2 +{d (ha2n+1' ha2n+2 )}2]

+ 3.4[ d (ha2n+1’ ha2n+2) ]2
1+d(hay,,y, hay,.,)

< ai[d (bZn—l’ bZn )d (bZn ' b2n+1) + d (b2n—1’ b2n+l)d (b2n ! bZn)]
+ a2 [d (bzn ! bZn)d (bzn ! b2n) + d (b2n+1’ b2n—1)d (b2n ' b2n+1)]

+ as[{d (bzn ! b2n)}2 +{d (bZn ! b2n+1)}2] + a4[%]2
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< ay[d(byy 1,020 )d (020, 020,1) +8,[A (B 11001 )d (B2, Dag0)]
+a,5[{d (b, b,,1) +2,d (b, b,,.1)]°
< d(byy Dy )8d (0,1, by ) + 8,0 (0,1, by )
+a,d (b, Dyp.s) + 2,0 (04, 05,.0)]
< a,d(by,;,by,) + 53, [d(by, 5, 0y,) +d(0,,,0,,4)]
+a,d(by,,b,0,) +@,d (04,054
< (8, +5a,)d(by 4, by,) + (8, + a5 +a,)d(by,, by, )

[1_ (Saz +a; +3, )]d (bZn J b2n+1) < (al + Saz)d (b2n—l’ bZn)
a, +sa
[1- (sal2 + a32+ a,)] 4201, 020
d(b,,,0b,,.,) < Ad(b,, ;,b,,).

[1- (311:232 +a,) - % <t
d(b,,,b50,4) < Ad (05, 4,05,)

d (b2n+1 ! b2n+2) < j“d (bZn ! b2n+l)'

d (bZn ’ b2n+1) <

where 1 =

..V neN,we write
d (b2n+1 ) b2n+2) < Ad (bn ) bn+l) <. < /1”+1d (bO ) bl)

Now , for any m,ne N,m>n, we have

d(b,,b,) <sd(b,,b,.,)+sd(b,.;,b,)
<sd(b,,b,,,)+s’d(b,,,,b,.,)+s*d(b,.,,b,)
<sd(b,,b,.,)+s2d(b,..,b..,)+5°d(b,.,.b,.5) ++s""d(b, b )

+s™"d(b, b, )
<[sA" + %A 448" A" d (b, b,)
sA"

<———d(b,,b,).
P LICELY
Therefore ,we have
sA"
d(b,,b,) < d(b,,b,) >0 asn—w

@-s4)

Thus,
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d(,,b.)—>0asn—>w

Hence {bn} isa Cauchy sequence in b-metric space X.

The next theorem is b-metric variant of Theorem 1.3 in [13].

Theorem 14. Let(X,d) be a complete b-metric space with the coefficient s>1 and suppose that
the self-maps T,g,h: X — X satisfy the conditions

[d(Ta, gb)]? < a,[d (ha, Ta)d (hb, gh) + d (ha, gb)d (hb, Ta)]
+a,[d (hb, ga)d (hb, Ta) + d (ha, gb)d (hb, gb)]
d(hb,gb) .

+8,[{d (hb, Ta)}* +{d (b, gb)}*] + a, [m (3.2)

ForallabeX; a;,a,,a;,a, >0, are nonnegative reals with
sa, +(s*+s)a, +a, +a, <1.

If T(X)ug(X)ch(X) is a complete subspace of X , then the maps T,g and h have a

coincidence point v in X. Moreover, if {T,h} and {g,h} are weakly compatible Pairs. Then T,g
and h have a unique common fixed point in X.

Proofs: Let ag be an arbitrary point in X and define the sequence {bn} in X such that

bzn = ha2n+l =Ta,,
b2n+1 = ha'2n+2 = ga2n+l Vn 2 0
Now , we show that {b,} is a cauchy sequence.so by (4), we have

[d (baZn ' b2n+1)]2 = [d (ha2n+1’ haZn+2]2

= [d (Tazn g8y, )]2
< al [d (haZn 1Ta2n )d (ha2n+l’ ga2n+1) + d (haZn ’ ga2n+l )d (ha2n+1’Ta2n )
+ a'2 [d (ha2n+1' gaZn )d (ha2n+1 ’TaZn )+ d (haZn ! ga2n+l )d (ha2n+1’ ga2n+l)

d (ha2n+l’ ga2n+l) 2
)

+ a3 [{d (ha2n+l1Ta2n )}2 + {d (ha2n+1’ ga2n+l )}2] * a4|:1+ d (ha Ta
2n+1r ' 42n
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< al [d (haZn ! ha2n+l )d (ha2n+l’ ha2n+2 )+ d (haZn ! ha2n+2 )d (ha2n+1 ! ha2n+1 )]
+ a'2 [d (ha2n+l’ ha2n+l )d (ha2n+1’ ha2n+l)+ d (haZn ! ha2n+2 )d (ha2n+1’ ha2n:2 )]

ha,,.,,ha,,,
+ a3 [{d (hazmla ha2n+l )}2 + {d (ha2n+l7 ha2n+2 )} ] a [l (d(h2;+l h2 2) )]2
2n+1? 2n+1

< al [d (bZn -11 b )d (bZn ! b2n+l)+ d (b2n—l ! b2n+1 )d (bZn ! b2n )]+ a [d( 2n? b2n )d (b2n ' b2n )+
,0 B,
d (bZn—l ! b2n+l )d (bZn ’ b2n+l )] + a3 [{d (bZn ! bZn )} {d (b2n ! b2n+1 ] a [%]
< a‘l[d (bZn—l ! b2n )d (b2n ! b2n+1 )] + aZ [ (bZn—l’ b2n+1 )d (bZn ! b2n+1 )]

+ a3 [{d (b2n ! b2n+1 )} ]+ a [d( 2n? 2n+l )]2
< d (b2n ' b2n+l xald (bZn—l’ b2n )+ aZd (bZn—l’ b2n+l)+ an (bZn ! b2n+l ) + a4d (b2n ! b2n+1 )]
b

< al [d (bZn—l ! b2n )] +sa [d( 2n-11 bZn )+ d (b2n ! b2n+l )] + an (b2n ! 2n+1)+ a4d (b2n ! b2n+1)
< (al + SaZ )d(bZn 1’b ) (Sa + a +a )d(bZn’b2n+l)

[1_ (Saz +a;+a, )]d (bzn ) b2n+l) S (al +3sa, )d (bZn—l’ bzn )

a, +5a,
d(b,,,b,,.,)< d(b,, ;,b
( 2n 2n+1) [1_(Sa2+a3+a4) ( 2n-1 Zn)

d (b2n ! b2n+l) < ﬂ’d (bZn—l’ b2n )1

a, +sa, <1<1
[1-(sa,+a,+a,)] s

d(bZn’ b2n+1) ﬁ'd (banl’ bZn)

where A=

Similarly ,we can show that ,
d (b2n+l’ b2n+2 ) < ﬂ’d (b2n ! b2n+1)

Therefore, forall m,ne N with m>n, we can get

d(b,,,.b,.,)< Ad(b,,b,,,)<.... < A" d(b,,b,)

n+11~n+2

Fix m>n;m,neN, we get
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n?~n+l n+1?'~m

b,,b,.,)+s?d(b,.,.b,,,)+s*d(b,,,.b,)

n?~n+l n+l?~n+2 n+2'~m

by, )+5°d(b,.,by. )

n+21%~n+3

d(b, b, )< sd(
sd
<sd(b,,b,,,)+s’d(b

n!~n+l

+t s" (b, ,,b, ) +s""d(b, ,,b,)

m-11"~m
<[sA" + 822" A" 1+ 5" " 1" d (b, b,)

<% _4(b,.b,)

Y)

Thus, as n—o,d(b,,b, )— 0. It follows from lemma 4.2.1 that {b,} is a Cauchy sequence

and by the completeness of X, {bn} converges to same beX.
Therefore,

b,.b,,)+sd(b,,.b,)

IA

n+11?

lim b, =lim Ta,, =lim ga,,,, =lim ha,,,, =lim ha, , =b
n—oo n—coo n—o N—so0 n—oo

Thus, T(X | Ja(X )<= h(X) implies either T(X )< h(X) or g(X)< h(X).
Casel. Let T(X)ch(X) since h(x) is a complete subspace of
and T(X)c h(X) implies h(x)
is closed,hence, there exist U be X
Such that hu=b. if 9V #D then, by using 14 we get

[d(Ta,,. gv)]* <ay,[d(ha,, Ta,, )d(hu, gv)+ d(ha,,, gv)d (hu, Ta,, )]
+a,[d(hu, ga,, )d (hu, Ta,, )+ d(ha,,, gv)d (hv, gv)]
d(hv, gv
+a,[{d(hv, Ta,, )I* +{d(hv, gv)}’] + 2, [Wvgm)zn)]
Taking limit as n — oo yields

[d(b, gv)[’ < a,[d(b,b)d(b,gv)+d(b,gv)d(b,b)
+a,[d(b,b)d(b,b)+d (b, gv)d(b, gv)

+a,[{d(b,b)}? +{d(b, gv)1*] +a, [{1‘1(2’(3?’3)}2]

<(a, +a, +a, Jd(b, gv)I*
=[1-(a, +a, +a,)][d(b,gv)’]1<0

And the above inequality is possible only if [d (b, gv)2 =0 which implies that b = gv. it follows
that

hv=b=av

Since g and h are weakly compatible, we have hgv = ghv and so
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gb =hp

If b= gb,then by 3.2 we have

[d(Ta,,, gb)]" <a,[d(ha,,  Ta,, Jd(hb, gb)+ d(ha,, , gb)d (hb, Ta,, )]
+ aZ [d ! (hbv ga2n )d (hb’TaZH )+ d (haZn ' gb)d (hb' gb)]
d(hb, gb)

+ ag[{d (hb,TaZn )}2 + {d (hb, gb)}z] +a, [W]2

As n — oo,we have
[d(b, gb)*] < a,[d(b,b)d(hb, gb)+d(b, gb)d(hb,b)

+a,[d(hb,b)d (hb, b) + d (b, gb)d (hb, gb) |+

2, [jd (b, b)}* +{d (hb, gb)} ]+a4[1+d(hb,b)}

< a,[d(b,b)d (gb, gb) +d (b, gb)d (gb,b) |+ &, [d (gh,b)d (gb,b) + d (b, gb)d (gb, gb)]

) , d(gb,gb) |
+a3[{d(gb,b)} +1d(gb, gb) ]+a4{m}

<(a, +a, +a,)|{d(b, gb)}*|
= [1-(a, +a, +a,)][d(b, gb)? | <0,
And the above inequality is possible only if
[d(b, gb)[?=0=b =gb

By using 3.3, we have

hb=gb=b. - e --(3.4)
Case 2:

If g(X) < h(X), again there exists points v, be X such that b = hv if b= Tv , and then by
using 4.2 we get

[d(Tv,gb)]* < a,[d(hv,Tv)d(hb, gb)+d(hv, gb)d (hb,Tv) ]

Page9



AUXILIUM COLLEGE JOURNAL OF RESEARCH

+a,[d(hb, gb)d (hb, Tv) +d(hb, gb)d (hb, gb)]

d(hb, gb) T

+a3[{d (hb,TV)} +{d(hb, gb)} ]+ a4|:1+d(hb,TV)

It follows that,
[d(Tv,b)]’ <a,[d(b,Tv)d(b,b) +d(b,b)d (b, Tv)]+
a,[d(b,b)d (b, Tv) +d (b,b)d (b, b)]+

d(b,b) T

a,[{d(b.Tv)f +{d(b,b)} ]+a{m

<a,[d(b,Tv)[
=[1-a,Jd(b,Tv)]* <0
Which is possible only if

d(b,Tv)=0=b=Tv.
=Tv=hv=D

Since T and h weakly compatible and hence Thv=hTv and so
Tb=hb

and by 3. 4 we have
b=Th=gb=hb.

Thus, b is the common fixed point of self —-mappings T, g and h. This completes the proof
of the theorem.

Uniqueness. In order to prove uniqueness, let b, b, be two distinct common fixed points of the
self —maps T, g and h then we have by 3. 2

[d(b,b,)[" =[d(Tb,, gb,)]
< a,|d(hb, Th,)d(hb,,gb,) +d(hb,, gb,)d (hb,, Tb,) |+
a,[d (hb,, gb,)d (hb,, Tb,) + d (hb,, gb,)d (hb,, gb, )]+

d(hb,, gh,) }

a,[{d (hb,., Th,)}? + {d (hb, . gb,)}* |+ a{nd(hszbl)
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< a,[d(0,.b)d(b,.b,) +d(b,,b,)d(b, b+ a,[d (b, b)d (b, by) +d(by.b,)d(b,.b,)]

2 1. [ d@,.b) T
+a,[jd (0,,5))" + {0 (b, b,)} Fa{m}

< (a+a, +3;)[d(b,.b,)]
= [1-(a, +a, +a,)[d (b,,b,)[ <0,

Which is possible only if [d(b,,b,)]=0=b, =b, which gives us uniqueness of b.
Remark 15. If we take a4+=0, then we get Theorem (14) in [17]

Now we present the modified form of Theorem3 in terms of b-metric spaces.
Theorem 16.

Let (X, d) be a complete b-metric space with the coefficient 6 >1 and suppose the self
—maps T, g, h: X — X satisfy the condition

[d(Ta,gb)]* < a,[d(ha,Ta)d(hb, gb)]+
a,[d(ha, gb)d (hb, gb)(1+d(Ta, hb))]+
a,[d(ha, hb)d (hb, gb)(1+ d(Ta, hb))]+ a,[d (ha, gb)d (hb, gb)]------- (3.5)
d(hb, gb) + d(hb, ga) |’
1+d(hb,Ta)d(ha,Ta)

a,|{d(hb, Ta)}’ +{d(hb, gb)}? |+ a{

Where a,,a,,a,,a,,a:,a, =0, are non negative real with
sa, +(s®+s)a, +sa, +(s* +s)a, +a; +a, <1

If T(X)U g(X) < h(X) and h(x) is a complete subspace of X, then the maps T, g and h

have a coincidence point u in X. Moreover, if {T, h} and{g, h} are weakly compatible pairs.
Then T, g and h have a unique common fixed point in X.

Proof: Let a, € X and defined the sequence {b, } in X as follows,

b,, =ha,,,, =Ta,,
b2n+l = ha2n+2 = ga2n+1, Vn 2 0

By using 3.5, we have
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[d(0,,,b,,..)]" =[d(ha,...ha,,,,)]
= [d (Tazn ) ga2n+l)]2
< al [d (haZn ’TaZn )d (ha2n+l 1 ga2n+1)] +

a,[d(hay,, ga,,,)d (ha,,.., 98,,., )L+ d(Tay,,, ha,,.. )]+
a3 [d (haZn ’ ha2n+1)d (ha2n+l’ ga2n+l)(1+ d (TaZn 1 ha2n+l))]+

a4 [d (haZn ' ga2n+1)d (ha2n+1! ga2n+1)]+
a [{d (ha,,.1, Ta,,)}? + {d (hay,., a0 ) P |+

2
a d(ha,,,,0a,,,,)+d(ha,,,;,0a,,,,)
°l 1+ d(ha,,,,,Ta,,)d(ha,,,Ta,,)

< ay[d(ha,,, ha,,,)d (hay,.s, hay,. )]+
a, [d (ha,,,ha,, ,)d(ha,,,,ha,, ,)1+d(ha,,,,, ha2n+1))] +
as [d (ha,,,ha,,,)d(ha,,,;,ha,, ,)1+d(ha,,,,, hazn+1))] +
a,[d(ha,,,ha,, ;)d(ha,,,;,ha,, )]+

ag[{d (hay,..,ha,,..) P+ {d(hay,., hay, ) P J+

2
a d (ha2n+1' ha2n+2) + d (ha2n+l1 ha2n+1)
° 1+ d (ha2n+l’ ha2n+l)d (haZn ' ha2n+l)

< a'1 [d (b2n—l’ b2n )d (bZn ! b2n+1)] +
a2 [d (bZn—l ' b2n+1)d (bZn ! b2n+1)(1 + d (bZn ' b2n ))] +
a‘S [d (bZn—l ' b2n )d (bZn ! b2n+l)(1+ d (bzn ! b2n ))] +
a'4 [d (bZn—l ! b2n+1)d (bZn ! b2n+1)] +
a0 0z 020+ 0z Do)

2
a d(b,,,0,,,,) +d(0,,,b,,)
° 1+ d(b2n1b2n)d (bZn—l’bZn)

< a,d(by, 1,b,,) +58,[d (b, 1,0, ) + d (B0, 0501) ]+
a,d(b,,,,b,,) +sa, [d (05,1, 0,,) +d(by,, b2n+1)]+ asd(b,,,0,,,,) +
a6d (b2n ’ b2n+1)

< (8, +5a, +a; +58,)d(by, 1,0y, ) + (s, + 58, + a5 +a5)d (by,,05,,)
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[1_ (saZ + sa4 + a'5 + aG)]d (bZn ! b2n+1) < (al + SaZ + a‘3 + sa4)d (banl’bZn)
a, +sa, +d; +5a,

2””)_[1 (sa, +sa, +a; +ag)]
d (b2n ! b2n+1) < ﬂ'd (b2n:17 b2n)1

d(bZn 'b d(bZn—l’bZn)

a, +sa, +a; +sa, <1 <1

Where 1=
[L1-(sa, +sa, +a; +a;)] s

d (bZn ! b2n+l) < /Id (b2n—11 bZn)
Similarly, it can be shown that, d(b,,,.,b,,.,) <Ad(b,,,b,,.,)-

Therefore, for alln € N we can get

Now, for any m>n, we have

d(b,.b,) <d(b,,b,.,)+d(0,1,0,5) .o +d(b, ,,b,)
R L + A (b, by)
/1n
L d(by.b,
<y 00b)

Therefore, from Lemma 13, we have

sA”
)

Where si <1.It follows that the sequence {b,} is a Cauchy sequence and by the

A(0y.0,)% = 5y d(0iD) >0 asmin >0

completeness of X, {b,} converges to some b e X.

Therefore,

limb, =lim Ta,, = I|m ga,,, = I|m ha,,,, =lim ha, ., =b
n—oo

n—oo nN—o0

Since h(x) is a complete subspace of X, there exists u, be X such that hu=b. If gu=
b, using 3.5 we get

[d(Ta,,,gu)| <a[d(ha,,,Ta,,)d(hu,gu)]+
a,[d(ha,,, gu)d(hu, gu)d+d(Ta,,,hu))]+
a,[d(ha,,,hu)d (hu, gu)(1+ d(Ta,,, hu))]
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+a,[d(ha,,,gu)d(hu, gu)]

+ag [{d (hu,Ta,, )} +{d (hu, 9”)}2]+ aBLJj((?:'_?_ZZ:)j EEZ:]Z'FE)IZHJ

Taking limitasn — oo

[d (b.gu) " <a,[d (b,b)d(b, gu)]+a,[d(b, gu)d (b, gu)(L+d(b,b))]

+a,[d(b,b)d(b, gu)1-+ d(b, b))] +a,[d(b, gu)b, gu)]

<(a, +a, +a; +a, ) d(b,qu)f’
=[-(a, +a, +a, +a,)][d(b,gu)ff <0,
Which is possible only if |d (b, gu)’ |=0=>b = gu. It follow that

hu=b =gu
since g and h are weakly compatible, we have hgu = ghu and so
gb=hb

If b= gb,then by 4.2.4 we the following.
[d(Ta,, . gb)f <a,[d (ha,,.Ta,, )d (hb, gb)]+a,[d (ha,,, gb) d (hb, gb)(1+d (Ta,, hb))]

+a,[d (ha,,,hb)d (hb, gb)(1+ d(Ta,,,hb))]+a[d (ha,,, gb)d (hb, gb) ]

d(hb, gb)+d(hb, ga,, )

ra, [{d(hb,Tazn)}z +{d(hb, gb) }2J T T d(hb,Ta,, )d(ha,, ,Ta,, )

As n — o0, we have

[d (b, gb)]* <a[d (b,b)d (gb, gb)]+a,[d (b, gb)d (gh, gb)(L+d (b, gb) )]

+a,[d (b, gb)d (gb, gb)1+d (b, gb))]+a,[d(b, gb)d (gb, gb)]

+a;|(d(gb,b)}" +{d(gb, gb) ' | + aa{dl(ft;(ggbb),:);i((iﬁs)}
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<(a, +a, )Ja (b, go)F
= [1-(a; +a, )[d(b, gb)]* <0,
and the above inequality is a possible only if [d (b, gb)]* =
=b=gb
By using 3.6,we have
hb =gb = b.
Again, if b= T by3,.5 we have the following.
[d(Tu, ga,,.,)]* = [d(Tu,b) [
<a,[d(hu,Tu)d (ha,,.,, 9a,,., )]
+a,[d(hu, ga,, , Jd(hay,,;, 9a,,,, )1+ d(Tu, ha,, ,) )]
+a,[d(hu, ga,, , )d(ha,,,,, 0a,,,, )@+ d(Tu,ha,,,))]

[ (hU ga2n+l)d (ha2n+1' ga2n+1)]

+a, [{d (hag,.1, Tu)}? + {d(hay,.1, 9820.s) ]

+a d (ha2n+1’ ga2n+l)+ d (ha2n+1' gU) i
° 1+d(ha,,,,Tu)d (hu,Tu)

Taking limit as n — oo, we have
[d(Tu,b)’ <a,[d (b, Tu) d (b,b) ]+ a,[d(b,b)d (b,b)L+d(Tu,b))]
+a,[d(b,b)d (b,b)1+d(Tu,b))]+a,[d (b,b)d (b,b)]
<a,|d(b, Tu)’|
= [1-a,][d(b,Tu) ?|<0,

And this is possible only if [d (Tu,b) > = 0=b=Tu. since T and h are weakly
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compatible, Thu =hTu:

= Th =gb
By 3.7 and 3.8 we have

= Th=gb=hb=b
Thus, b is the unique common fixed point of T, g and h.

Uniqueness. In order to see the uniqueness of the common fixed point, let b, and bz be two
distinct common fixed points of the self -map T, g and h such that b, =b,.

Then by using 3.5 we get
[d (by,b,) " =[d(Tb, , gb) I
<a,[d(hb,, T, )d (hb,, gb, )]
+a,|d(hb, , gb, )d (hb, , gb, )1+d(Th,, hb,))|

+a,[d (hb,, hb, )d(hb,, gb, )1+ d(Tb,, hb, ) )] +a, [d (hb,, gb, )d (hb,, gb, )]

+as[{d(nb, Tb,) )+ {d(hb, gb) 1 aeLdfztﬁ{bgffrﬁ)i((ﬂﬁif?;ﬂ

<a,[d(b,,b,)d(b,,b, )]+ a,|d(b,,b,)d(b, ,b, k1 +d(b,,b,))]
+a,[d(b,,b, )d (b, b, )L +d(b;,b,) )] +a,[d(b,,b,)d(b,.b, )]

a0, ) ) o [

= [1—(as +a,)][d (b,,b,) |’ <0,

and the inequality is possible only if [d(b,,b,)]" =0 =b, =b,and common fixed point is
unique.

The following corollaries are drived from the theorem 16
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Corollary 17. let(X, d) be a complete b- metric space with the coefficient s>1
and T, g, h be a self —-mapping of X into itself satisfying
[d(Ta, gb) | < a,[d (ha, Ta)d (hb, gb)+ d (hb, gb)d(hb, gb)(1+d (Ta, hb))]
a,[d(ha, hb)d(hb, gb)1+ d(Ta, hb) )+ d(ha, gb)d(hb, gb)]
Foralla,be X andaa,,a, >0,such that a, +(s2 +1)a3 <1thenT, g, hhavea
Common fixed point in X.
Proof : putting in theorem 4.2.4, we get the required result.

Corollary  18. let (X, d)be a complete b- metric space with the coefficient
s>1and T,g,h: X — X Dbe a self-mapping of X into itself satisfying the inequality

[d(Ta,gb) ]’ <a,[d(ha,Ta)d (hb, gb)]
+a,[d(ha, gb)d(hb, gb)1+ d(Ta, hb))]

For all a, b eX and a;,a, >0, such thata, +(s2 +s)a2 <1 then T, g, h have a common fixed
point in X.

Proof: putting a, =a. =a, =0 in theorem 4.2.4, we get the required result’
Remark 19. corollary 17, which gives the result of Pachpatte

Remark 20. corollary 18, which gives the result of Fisher
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